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SKEW-HERMITIAN OPERATORS IN REAL BANACH SPACES
OF SELF-ADJOINT COMPACT OPERATORS
B.R. AMINOV AND V.I. CHILIN
Abstract. Let H be a complex infinite-dimensional separable Hilbert space,
and let K(H) be the C∗-algebra of compact linear operators in =lH. Let
(E, ‖·‖E) be a symmetric sequence space. If {µ(n, x)} are the singular values of
x ∈ K(H), let CE = {x ∈ K(H) : {µ(n, x)} ∈ E} with ‖x‖CE = ‖{µ(n, x)}‖E ,
x ∈ CE , be the Banach ideal of compact operators generated by E. Let
Ch
E
= {x ∈ CE : x = x
∗} be the real Banach subspace of self-adjoint operators
in (CE , ‖ · ‖CE ). We show that in the case when CE is a separable or perfect
Banach symmetric ideal, CE 6= Cl2 , for any skew-Hermitian operator H : C
h
E
→
Ch
E
there exists self-adjoint bounded linear operator a in H such that H(x) =
i(xa − ax) for all x ∈ Ch
E
.
1. Introduction
Let (H, (·, ·)) be an infinite-dimensional complex separable Hilbert space, and
let B(H) (respectively, K(H)) be the C∗-algebra of all bounded (respectively, com-
pact) linear operators on H. For a compact operator x ∈ K(H), we denote by{
µ(n, x)
}∞
n=1
the singular value sequence of x, that is, the decreasing rearrange-
ment of the eigenvalue sequence of |x| = (x∗x)
1
2 . We let Tr denote the standard
trace on B(H). For p ∈ [1,∞) (p =∞), we let
Cp :=
{
x ∈ K(H) : Tr
(
|x|p
)
<∞
}
(respectively, C∞ = K(H))
denote the p-th Schatten ideal of B(H), with the norm
‖x‖p := Tr
(
|x|p
) 1
p , (respectively, ‖x‖∞ := sup
n≥1
|µ(n, x)|).
The Schatten ideals Cp = Clp are examples of Banach symmetric ideals CE =
{x ∈ K(H) :
{
µ(n, x)
}∞
n=1
∈ E} with norm ‖x‖CE = ‖
{
µ(n, x)
}∞
n=1
‖E of compact
operators generated by symmetric sequence spaces (E, ‖ · ‖E) (see section 2 below).
Let [·, ·] be a semi-inner product on CE compatible with the norm ‖ · ‖CE , that
is, ‖x‖CE =
√
[x, x] for all x ∈ CE [6, Ch. 2, §1]. A bounded linear operator
H : CE → CE is called Hermitian if [Hx, x] is real for all x ∈ CE [9, Ch. 5, §2].
In 1981 A.Sourour [17] gave the following description of all the Hermitian oper-
ators acting in separable Banach symmetric ideal.
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Theorem 1.1. Let (CE , ‖ · ‖CE ) be a separable Banach symmetric ideal, and let
CE 6= C2. Then for any Hermitian operator H : CE → CE there are self-adjoint
operators a, b ∈ B(H) such that H(x) = ax+ xb for all x ∈ CE.
In [2], a variant of Theorem 1.1 was obtained for any perfect Banach symmetric
ideals (CE , ‖·‖CE ), CE 6= C2 ( recall that (CE , ‖·‖CE ) is a perfect ideals, if CE = C
××
E
[11] (see section 2 below)).
Let ChE = {x ∈ CE : x = x
∗} be a Banach real subspace in Banach symmetric
ideals (CE , ‖ · ‖CE ). A linear bounded operator H : C
h
E → C
h
E is said to be skew-
Hermitian, if [H(x), x] = 0 for all x ∈ ChE , where [·, ·] is a semi-inner product on CE
compatible with the norm ‖ · ‖CE .
It is clear that the linear operator H : ChE → C
h
E defined by H(x) = i(xa − ax),
where a = a∗ ∈ B(H), i2 = −1, is a skew-Hermitian operator.
Our main result states that if (CE , ‖ · ‖CE ) is a separable or a perfect Banach
symmetric ideal of compact operators, CE 6= C2, then there are no other skew-
Hermitian operators in (ChE , ‖ · ‖CE ):
Theorem 1.2. Let (CE , ‖·‖CE) be a separable or a perfect Banach symmetric ideal,
CE 6= C2, and let H : C
h
E → C
h
E be a skew-Hermitian operator. Then there exists
self-adjoint operator a ∈ B(H) such that H(x) = i(xa− ax) for all x ∈ ChE.
2. Preliminaries
Let ℓ∞ (respectively, c0) be the Banach space of bounded (respectively, con-
verging to zero) sequences {ξn}
∞
n=1 of complex numbers equipped with the norm
‖{ξn}‖∞ = sup
n∈N
|ξn|, where N is the set of natural numbers. If 2
N is the σ-algebra
of subsets of N and µ({n}) = 1 for each n ∈ N, then (N, 2N, µ) is a σ-finite measure
space such that L∞(N, 2
N, µ) = ℓ∞ and
L1(N, 2
N, µ) = ℓ1 =
{
{ξn}
∞
n=1 ⊂ C : ‖{ξn}‖1 =
∞∑
n=1
|ξn| <∞
}
⊂ ℓ∞,
where C is the field of complex numbers.
If ξ = {ξn}
∞
n=1 ∈ ℓ∞, then the non-increasing rearrangement ξ
∗ : (0,∞) →
(0,∞) of ξ is defined by
ξ∗(t) = inf{λ : µ{|ξ| > λ} ≤ t}, t > 0,
(see, for example, [4, Ch. 2, Definition 1.5]). As such, the non-increasing rearrange-
ment of a sequence {ξn}
∞
n=1 ∈ ℓ∞ can be identified with the sequence ξ
∗ = {ξ∗n}
∞
n=1,
where
ξ∗n = inf
{
sup
n/∈F
|ξn| : F ⊂ N, |F | < n
}
.
If {ξn} ∈ c0, then ξ
∗
n ↓ 0; in this case there exists a bijection π : N → N such that
|ξpi(n)| = ξ
∗
n, n ∈ N.
Hardy-Littlewood-Polya partial order in the space ℓ∞ is defined as follows:
ξ = {ξn} ≺≺ η = {ηn} ⇐⇒
m∑
n=1
ξ∗n ≤
m∑
n=1
η∗n for all m ∈ N.
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A non-zero linear subspace E ⊂ ℓ∞ with a Banach norm ‖ · ‖E is called a
symmetric (fully symmetric) sequence space if
η ∈ E, ξ ∈ ℓ∞, ξ
∗ ≤ η∗ (resp., ξ∗ ≺≺ η∗) =⇒ ξ ∈ E and ‖ξ‖E ≤ ‖η‖E.
Every fully symmetric sequence space is a symmetric sequence space. The converse
is not true in general. At the same time, any separable symmetric sequence space
is a fully symmetric space.
If (E, ‖ · ‖E) is a symmetric sequence space and Eh = {ξ = {ξn}
∞
n=1 ∈ E : ξn ∈
R ∀ n ∈ N}, where R is the field of real numbers, then (Eh, ‖ · ‖E) is a Banach
lattice with respect to the natural partial order
{ξn}
∞
n=1 = ξ ≤ η = {ηn}
∞
n=1 ⇐⇒ ξn ≤ ηn for all n ∈ N,
and, in addition,
‖ξ‖E = ‖ |ξ| ‖E = ‖ξ
∗‖E for all ξ ∈ Eh.
Examples of fully symmetric sequence spaces are (ℓ∞, ‖ · ‖∞), (c0, ‖ · ‖∞) and
ℓp =

ξ = {ξn}∞n=1 ∈ c0 : ‖ξ‖p =
(
∞∑
n=1
|ξn|
p
)1/p
<∞

 , 1 ≤ p <∞.
For any symmetric sequence space (E, ‖ · ‖E) the following continuous embeddings
hold [4, Ch. 2, § 6, Theorem 6.6]:
(ℓ1, ‖ · ‖1) ⊂ (E, ‖ · ‖E) ⊂ (ℓ∞, ‖ · ‖∞).
Besides, ‖ξ‖E ≤ ‖ξ‖1 for all ξ ∈ l1 and ‖ξ‖∞ ≤ ‖ξ‖E for all ξ ∈ E.
If there is ξ ∈ E \ c0, then ξ
∗ ≥ α1 for some α > 0, where 1 = {1, 1, ...}.
Consequently, 1 ∈ E and E = ℓ∞. Therefore, either E ⊂ c0 or E = ℓ∞.
Now, let (H, (·, ·)) be a complex infinite-dimensional separable Hilbert space,
and let (B(H), ‖ · ‖∞) be the C
∗-algebra of bounded linear operators in H. Denote
by K(H) (respectively, F(H)) the two-sided ideal of compact (respectively, finite
rank) linear operators in B(H). It is well known that, for any proper two-sided
ideal I ⊂ B(H), we have F(H) ⊂ I ⊂ K(H) (see, for example, [16, Proposition
2.1]).
Denote Bh(H) = {x ∈ B(H) : x = x
∗}, B+(H) = {x ∈ B(H) : x ≥ 0}, and let
Tr : B+(H)→ [0,∞] be the canonical trace on B(H), that is,
Tr(x) =
∑
j∈J
(xϕj , ϕj), x ∈ B+(H),
where {ϕj}j∈J is an orthonormal basis in H (see, for example, [18, Ch. 7, E. 7.5]).
Let P(H) be the lattice of projections in H. If 1 is the identity of B(H) and
e ∈ P(H), we will write e⊥ = 1− e.
Let x ∈ B(H), and let {eλ}λ≥0 be the spectral family of projections for the
absolute value |x| = (x∗x)1/2 of x, that is, eλ = {|x| ≤ λ}. If t > 0, then the
t-th generalized singular number of x, or the non-increasing rearrangement of x, is
defined as
µt(x) = inf{λ > 0 : Tr(e
⊥
λ ) ≤ t}
(see [8]).
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A non-zero linear subspace X ⊂ B(H) with a Banach norm ‖ · ‖X is called
symmetric (fully symmetric) if the conditions
x ∈ X, y ∈ B(H), µt(y) ≤ µt(x) for all t > 0
(respectively,
x ∈ X, y ∈ B(H),
s∫
0
µt(y)dt ≤
s∫
0
µt(x)dt for all s > 0 (writing y ≺≺ x))
imply that y ∈ X and ‖y‖X ≤ ‖x‖X .
The spaces (B(H), ‖ · ‖∞) and (K(H), ‖ · ‖∞) as well as the classical Banach
two-sided ideals
Cp = {x ∈ K(H) : ‖x‖p = Tr(|x|
p)1/p <∞}, 1 ≤ p <∞,
are examples of fully symmetric spaces.
It should be noted that for every symmetric space (X, ‖ · ‖X) ⊂ B(H) and all
x ∈ X , a, b ∈ B(H),
‖x‖X = ‖ |x| ‖X = ‖x
∗‖X , axb ∈ X, and ‖axb‖X ≤ ‖a‖∞‖b‖∞‖x‖X .
Remark 2.1. If X ⊂ B(H) is a symmetric subspace and there exists a projection
e ∈ P(H)∩X such that Tr(e) =∞, that is, dim e(H) =∞, then µt(e) = µt(1) = 1
for every t ∈ (0,∞). Consequently, 1 ∈ X and X = B(H). If X 6= B(H) and x ∈ X ,
then eλ = {|x| > λ} is a finite-dimensional projection, that is, dim eλ(H) < ∞ for
all λ > 0. This means that x ∈ K(H), hence X ⊂ K(H). Therefore, either
X = B(H) or X ⊂ K(H).
If x ∈ K(H), then |x| =
m(x)∑
n=1
µ(n, x)pn (if m(x) = ∞, the series converges
uniformly), where {µ(n, x)}
m(x)
n=1 is the set of singular values of x, that is, the set
of eigenvalues of the compact operator |x| in the decreasing order, and pn is the
projection onto the eigenspace corresponding to µ(n, x). Consequently, the non-
increasing rearrangement µt(x) of x ∈ K(H) can be identified with the sequence
{µ(n, x)}∞n=1, µ(n, x) ↓ 0 (if m(x) <∞, we set µ(n, x) = 0 for all n > m(x)).
Let (X, ‖·‖X) ⊂ K(H) be a symmetric space. Fix an orthonormal basis {ϕn}
∞
n=1
in H, and denote by pn be the projection on the one-dimension linear subspace
C · ϕn ⊂ H. It is clear that the set
E(X) =
{
ξ = {ξn}
∞
n=1 ∈ c0 : xξ =
∞∑
n=1
ξnpn ∈ X
}
(the series converges uniformly), is a symmetric sequence space with respect to the
norm ‖ξ‖E(X) = ‖xξ‖X . Consequently, each symmetric subspace (X, ‖·‖X) ⊂ K(H)
uniquely generates a symmetric sequence space (E(X), ‖·‖E(X)) ⊂ c0. The converse
is also true: every symmetric sequence space (E, ‖ · ‖E) ⊂ c0 uniquely generates a
symmetric space (CE , ‖ · ‖CE ) ⊂ K(H) by the following rule (see, for example, [15,
Ch. 3, Section 3.5]):
CE = {x ∈ K(H) : {µ(n, x)} ∈ E}, ‖x‖CE = ‖{µ(n, x)}‖E.
In addition,
E(CE) = E, ‖ · ‖E(CE) = ‖ · ‖E , CE(CE) = CE , ‖ · ‖CE(CE) = ‖ · ‖CE .
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We will call the pair (CE , ‖ · ‖CE) a Banach ideal of compact operators (cf. [12,
Ch. III], [16, Ch. 1, §1.7]). It is known that (Cp, ‖ · ‖p) = (Clp , ‖ · ‖Clp ) for all
1 ≤ p < ∞ and (K(H), ‖ · ‖∞) = (Cc0 , ‖ · ‖Cc0 ). In addition, C1 ⊂ CE ⊂ K(H)
and ‖x‖CE ≤ ‖x‖1, ‖y‖∞ ≤ ‖y‖CE for all x ∈ C1, y ∈ CE . Note also that every
separable Banach ideal of compact operators is a fully symmetric ideal.
If (E, ‖·‖E) is a symmetric sequence space (respectively, (CE , ‖·‖CE ) is a Banach
symmetric ideal), then the Ko¨the dual E× (respectively, C×E ) is defined as
E× = {ξ = {ξn}
∞
n=1 ∈ ℓ∞ : ξη = {ξnηn}
∞
n=1 ∈ ℓ1 for all η = {ηn}
∞
n=1 ∈ E},
(respectively, C×E = {x ∈ B(H) : xy ∈ C1 for all y ∈ CE}),
and
‖ξ‖E× = sup{
∞∑
n=1
|ξnηn| : η = {ηn}
∞
n=1 ∈ E, ‖η‖E ≤ 1}, ξ ∈ E
×,
(respectively, ‖x‖C×
E
= sup{Tr
(
|xy|
)
: y ∈ CE , ‖y‖CE ≤ 1}, x ∈ C
×
E ).
It is known that (E×, ‖ · ‖E×) is a symmetric sequence space [13, Ch. II, §4,
Theorems 4.3, 4.9] and ℓ×1 = ℓ∞. In addition, if E 6= ℓ1 then E
× ⊂ c0. Therefore,
if E 6= ℓ1, the space (C
×
E , ‖ · ‖C×
E
) is a symmetric ideal of compact operators.
A Banach symmetric ideal (CE , ‖ · ‖CE ) is said to be perfect if CE = C
××
E (see,
for example, [11]). It is clear that CE is perfect if and only if E = E
××.
A symmetric sequence space (E, ‖ · ‖E) (a Banach symmetric ideal (CE , ‖ · ‖CE ))
is said to possess Fatou property if the conditions
0 ≤ ξk ≤ ξk+1, ξk ∈ E (respectively, 0 ≤ xk ≤ xk+1, xk ∈ CE) for all k ∈ N
and sup
k≥1
‖ξk‖E < ∞ (respectively, sup
k≥1
‖xk‖CE < ∞) imply that there exists an
element ξ ∈ E (respectively, x ∈ CE) such that ξk ↑ ξ and ‖ξ‖E = sup
k≥1
‖ξk‖E
(respectively, xk ↑ x and ‖x‖CE = sup
k≥1
‖xk‖CE ).
It is known that (E, ‖ · ‖E) (respectively, (CE , ‖ · ‖CE ) has the Fatou property
if and only if E = E×× [14, Vol. II, Ch. 1, Section a] (respectively, CE = C
××
E
[5, Theorem 5.14]). Therefore (CE , ‖ · ‖CE ) is a perfect Banach symmetric ideal if
and only if (CE , ‖ · ‖CE ) has the Fatou property. Note that every perfect Banach
symmetric ideal is a fully symmetric ideal.
If y ∈ C×E , then a linear functional fy(x) = Tr
(
x · y
)
, x ∈ CE, is continuous
on (CE , ‖ · ‖CE ), in addition, ‖fy‖C∗E = ‖y‖C×E
, where (C∗E , ‖ · ‖C∗E ) is the dual of
the Banach space (CE , ‖ · ‖CE) (see, for example, [11]). Identifying an element
y ∈ C×E and the linear functional fy, we may assume that C
×
E is a closed linear
subspace in C∗E . Since F(H) ⊂ C
×
E , it follows that C
×
E is a total subspace in C
∗
E,
that is, the conditions x ∈ CE , f(x) = 0 for all f ∈ C
×
E imply x = 0. Thus, the
weak topology σ(CE , C
×
E ) is a Hausdorff topology, in addition F(H) (respectively,
F(H)h) is σ(CE , C
×
E )-dense in CE (respectively, in C
h
E).
3. Skew-Hermitian operators in ChE
A semi-inner product on a real linear space X is a form [·, ·] : X ×X → R which
satisfies
(i). [αx + y, z] = α · [x, z] + [y, z] for all α ∈ R and x, y, z ∈ X ;
(ii). [x, αy] = α · [x, y] for all α ∈ R and x, y ∈ X ;
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(iii). [x, x] ≥ 0 for all x ∈ X and [x, x] = 0 implies that x = 0;
(iv). |[x, y]|2 ≤ [x, x] · [y, y] for all x, y ∈ X .
(see, for example, [6, Ch. 2, §1]).
The function ‖x‖ =
√
[x, x] is the norm on a linear space X . Conversely, if
(X, ‖ · ‖X) is a normed real linear space, then there exists semi-inner product [·, ·]
on X compatible with the norm ‖ · ‖X , that is, ‖x‖X =
√
[x, x] for all x ∈ X [6,
Ch. 2, §1]. In particular, the semi-inner product, which is compatible with the
norm ‖ · ‖X , can be defined using the equation [x, y] = ϕy(x), where ϕy ∈ X
∗,
‖ϕy‖X∗ = ‖y‖X and ϕy(y) = ‖y‖
2
X (such functional is called a support functional
at y ∈ X) ([6, Ch. 2, §1, Theorem 10].
Let (X, ‖ ·‖X) be a real Banach space, and let [·, ·] be a semi-inner product on X
which is compatible with the norm ‖ · ‖X . A linear bounded operator H : X → X
is said to be skew-Hermitian, if [H(x), x] = 0 for all x ∈ X ([10], Ch. 9, §4), in
particular, ϕx(H(x)) = 0 for every x ∈ X .
The following Proposition is well known ([10, Ch. 9, §4, Proposition 9.4.2]).
Proposition 3.1. Let (X, ‖ · ‖X) be a real Banach space and let H : X → X be
a skew-Hermitian operator. If V : X → X is a surjective linear isometry then an
operator V ·H · V −1 is a skew-Hermitian.
Let (CE , ‖ · ‖CE) be a separable or perfect Banach symmetric ideal, CE 6= C2.
Let H : ChE → C
h
E be a skew-Hermitian operator. We want to prove Theorem 1.2,
i.e. we will show that there exists a ∈ B(H)h such that H(x) = i(xa− ax) for all
x ∈ ChE . To solve this problem, we use a modification of the the original proof of
Sourour Theorem 1 [17].
For vectors ξ, η ∈ H, denote by ξ⊗ η the rank one operator on H defined by the
equality (ξ ⊗ η)(h) = (h, η)ξ, h ∈ H. It is easily seen
〈x, ξ ⊗ η〉 := Tr((η ⊗ ξ) · x) = (x(η), ξ)
for any x ∈ B(H)h and ξ, η ∈ H. If y = ξ ⊗ ξ, ‖ξ‖H = 1, then y is an one
dimensional projection on H and ‖y‖CE = ‖y‖∞ = 1. Thus for a linear functional
fy(x) := 〈x, y〉 = Tr(y
∗x), x ∈ ChE ,
we have that
fy(y) = Tr(y
2) = Tr(y) = (ξ, ξ) = 1 = ‖y‖2CE .
In addition, if x ∈ ChE and ‖x‖CE ≤ 1 then
|fy(x)| = |Tr(yx)| = |(x(ξ), ξ)| ≤ ‖x‖∞ ≤ ‖x‖CE ≤ 1.
Consequently, ‖fy‖(Ch
E
)∗ = 1 = ‖y‖CE . This means that fy is a support functional
at y ∈ ChE , and [x, y] = fy(x) is a semi-inner product on C
h
E compatible with the
norm ‖ · ‖Ch
E
([6, Ch. 2, §1, Theorem 10].
Proposition 3.2. If ξ, η ∈ H, (η, ξ) = 0, then 〈H(η ⊗ η), ξ ⊗ ξ〉 = 0.
Proof. We can assume that ‖η‖H = ‖ξ‖H = 1. Since p = η ⊗ η is one dimensional
projections and H is a skew-Hermitian operator, it follows that
(1) 0 = [H(p), p] = fp(H(p)) = 〈H(p), p〉.
By Lemma 9.2.7 ([10, Ch. 9, §9.2], see also the proof of Lemma 11.3.2 [10, Ch. 9,
§11.3]), there exists a vector ξ = {ξ1, ξ2} ∈ (R
2, ‖ · ‖E), ξ1 > 0, ξ2 > 0, ‖ξ‖E = 1,
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such that the functional f({η1, η2}) = η1ξ1 + η2ξ2, {η1, η2} ∈ R
2, is a support
functional at ξ for space (R2, ‖ · ‖E).
Let us show that the linear functional
ϕ(y) = 〈y, x〉, y ∈ ChE , x = ξ1p+ ξ2q,
is a support functional at x for (ChE , ‖ · ‖E).
Since f is support functional at ξ for (R2, ‖ · ‖E) and ‖ξ‖E = 1, it follows that
ξ21+ξ
2
2 = f({ξ1, ξ2}) = f(ξ) = ‖ξ‖
2
E = 1. Furthermore, by ‖f‖ = ‖ξ‖E = 1, we have
that |f({η1, η2})| = |ξ1η1+ξ2η2| ≤ 1 for every {η1, η2} ∈ R
2 with ‖{η1, η2}‖E ≤ 1.
Further, by Lemma 4.1 [12, Ch. II, §4], we have
|(y(η), η)| ≤ µ(1, y), |(y(ξ), ξ)| ≤ µ(1, y), |(y(η), η)|+ |(y(ξ), ξ)| ≤ µ(1, y) + µ(2, y),
that is, {(y(η), η), (y(ξ), ξ)} ≺≺ {µ(1, y), µ(2, y)}. Since (E, ‖ · ‖E) is a fully sym-
metric sequence space, it follows that
‖{(y(η), η), (y(ξ), ξ)}‖E ≤ ‖{µ(1, y), µ(2, y)}‖E ≤ ‖y‖CE .
Consequently, if y ∈ ChE and ‖y‖CE ≤ 1, then
|ϕ(y)| = |〈y, x〉| = |ξ1Tr(py) + ξ2Tr(qy)| = |f({(y(η), η), (y(ξ), ξ)})| ≤ 1,
that is, ‖ϕ‖(Ch
E
,‖·‖E)∗ ≤ 1. Since ‖x‖CE = ‖ξ‖E = 1 and
ϕ(x) = 〈x, x〉 = 〈ξ1p+ ξ2q, ξ1p+ ξ2q〉 = Tr(ξ1p+ ξ2q)(ξ1p+ ξ2q)) = ξ
2
1 + ξ
2
2 = 1,
it follows that ‖ϕ‖(Ch
E
,‖·‖E)∗ = 1 = ‖x‖CE and ϕ(x) = ‖x‖
2
CE
. This means that ϕ
is a support functional at x for space (ChE , ‖ · ‖CE ).
Hence,
0 = [H(x), x] = ϕ(H(x)) = 〈H(x), x〉 = 〈ξ1H(p) + ξ2H(q), ξ1p+ ξ2q〉.
Since 〈H(p), p〉 = 〈H(q), q〉 = 0 (see (1)), it follows that
(2) 〈H(p), q〉 = −〈H(q), p〉.
We extend η1 = η, η2 = ξ up to an orthonormal basis {ηi}
∞
i=1, and let pi = ηi⊗ηi.
Now we replace our operator H with another skew-Hermitian operator H0. Let u
be a unitary operator such that u(η1) = η2, u(η2) = η1 and u(ηk) = ηk if k 6= 1, 2.
It is clear that u∗ = u−1 = u, up1u = p2, up2u = p1, upiu = pi, i 6= 1, 2, and
V (x) = uxu∗ = uxu is an surjective isometry on ChE, in addition, V
−1 = V .
By Proposition 3.1, a linear operator H1 = V HV
−1 is a skew-Hermitian opera-
tor, in particular, 〈H1(pk), pk〉 = 0 for all k ∈ N (see (1)).
If i, j 6= 1, 2, then
〈H1(pi), pj〉 = 〈uH(pi)u, pj〉 = Tr(pjuH(pi)u) = (uH(pi)u(ηj), ηj) =
= (H(pi)u(ηj), u
∗(ηj)) = (H(pi)(ηj), ηj) = Tr(pjH(pi)) = 〈H(pi), pj〉.
If i = 1, j 6= 1, 2, then
〈H1(p1), pj〉 = 〈uH(p2)u, pj〉 = Tr(pjuH(p2)u) = (uH(p2)u(ηj), ηj) =
= (H(p2)u(ηj), u
∗(ηj)) = (H(p2)(ηj), ηj) = Tr(pjH(p2)) = 〈H(p2), pj〉.
Similarly, we get the following equalities
(i). 〈H1(p2), pj〉 = 〈H(p1), pj〉 if i = 2, j 6= 1, 2;
(ii). 〈H1(pi), p1〉 = 〈H(pi), p2〉 if j = 1, i 6= 1, 2;
(iii). 〈H1(p1), p2〉 = 〈H(p2), p1〉 if i = 1, j = 2;
(iv). 〈H1(p2), p1〉 = 〈H(p1), p2〉 if i = 2, j = 1.
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It is clear that H0 =
1
2 (H −H1) is a skew-Hermitian operator, and if i, j 6= 1, 2,
then 〈H0(pi), pj〉 =
1
2 (〈H(pi), pj〉 − 〈H1(pi), pj〉) = 0. Similarly, if i = 1, j 6= 1, 2
(respectively, i = 2, j 6= 1, 2) we get 〈H0(p1), pj〉 =
1
2 (〈H(p1), pj〉 − 〈H(p2), pj〉)
(respectively, 〈H0(p2), pj〉 =
1
2 (〈H(p2), pj〉 − 〈H(p1), pj〉)), that is, 〈H0(p1), pj〉 +
〈H0(p2), pj〉 = 0 in the case j 6= 1, 2.
Similarly, 〈H0(pj), p1〉+ 〈H0(pj), p2〉 = 0 if j 6= 1, 2. Since
〈H0(p1), p2〉 =
1
2
(〈H(p1), p2〉 − 〈H(p2), p1〉), 〈H(p1), p2〉 = −〈H(p2), p1〉 (see(2)),
it follows that 〈H0(p1), p2〉 = 〈H(p1), p2〉. Similarly, we get that 〈H0(p2), p1〉 =
−〈H(p1), p2〉. Finally, sinceH0 is a skew-Hermitian operator, we have 〈H0(pk), pk〉 =
0 for all k ∈ N (see (1)).
Let n be the smallest natural number such that the norm ‖ · ‖E is not Euclidian
on Rn. Then there exist (see, [1, Lemma 5.4]) linear independent vectors ξ =
(ξ1, ξ2, . . . , ξn), η = (η1, η2, . . . , ηn) ∈ R
n, ‖ξ‖E = 1, such that
(3) ‖ξ‖E = ‖fη‖E∗ = fη(ξ) = 1,
where fη(ζ) =
n∑
i=1
ζiηi, ζ = (ζ1, ζ2, . . . , ζn) ∈ R
n. By rearranging the coordinates
we may assume that ξ1η2 6= ξ2η1.
Let x =
n∑
j=1
ξjpj, y =
n∑
j=1
ηjpj , and let ϕy(z) = 〈z, y〉 =
n∑
j=1
ηj ·Tr(pjz), z ∈ C
h
E.
Let us show that ϕy is a support functional at x for (C
h
E , ‖ · ‖E). Since
‖fη‖E∗ = 1 (see (3)), it follows that |fη(ζ)| = |
n∑
i=1
ηiζi| ≤ 1 for every ζ = {ζi}
n
i=1 ∈
R
n with ‖ζ‖E ≤ 1. Note that ‖x‖CE = ‖ξ‖E = 1.
We should show that ‖ϕy‖ = ‖x‖CE = 1 and ϕy(x) = ‖x‖
2
CE
= 1. Indeed,
ϕy(x) = 〈x, y〉 = 〈
n∑
j=1
ξjpj ,
n∑
j=1
ηjpj〉 =
n∑
j=1
ξjηj = fη(ξ) = 1 = ‖x‖
2
CE
.
If z ∈ ChE , ‖z‖CE ≤ 1 then |ϕy(z)| = |
n∑
j=1
ηj(z(ηj), ηj)| ≤ 1. The last inequality
follows from
{(z(η1), η1), (z(η2), η2), . . . , (z(ηn), ηn)} ≺≺ {µ(1, z), µ(2, z), . . . , µ(n, z)}
(see Lemma 4.1. [12] Ch. II, §4). Therefore
‖ϕy‖ = ‖x‖CE = 1 and ϕy(x) = ‖x‖
2
CE = 1.
This means that ϕy is a support functional at x for (C
h
E , ‖ · ‖E).
Consequently,
0 = 〈H0(x), y〉 = 〈ξ1H0(p1) + . . .+ ξnH0(pn), η1p1 + . . .+ ηnpn〉 =
= (ξ1η2 − ξ2η1)〈H0(p1), p2〉+ (ξ1η3 − ξ2η3)〈H0(p1), p3〉+ . . .+
+(ξ1ηn − ξ2ηn)〈H0(p1), pn〉+ (ξ3η1 − ξ3η2)〈H0(p3), p1〉+ . . .+
+(ξnη1 − ξnη2)〈H0(pn), p1〉. (4)
Let now x˜ = ξ1p1+ξ2p2−ξ3p3−. . .−ξnpn and y˜ = η1p1+η2p2−η3p3−. . .−ηnpn.
As above, we have that ϕy˜(·) = 〈·, y˜〉 is a support functional at x˜. Consequently,
0 = 〈H0(x˜), y˜〉 = (ξ1η2 − ξ2η1)〈H0(p1), p2〉+ (−ξ1η3 + ξ2η3)〈H0(p1), p3〉+ . . .+
+(−ξ1ηn + ξ2ηn)〈H0(p1), pn〉+ (−ξ3η1 + ξ3η2)〈H0(p3), p1〉+ . . .+
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+(−ξnη1 + ξnη2)〈H0(pn), p1〉. (5)
Summing (4) and (5) we obtain
2(ξ1η2 − ξ2η1)〈H0(p1), p2〉 = 0,
that is,
〈H(p1), p2〉 = 〈H0(p1), p2〉 = 0.

Proposition 3.3. Let η ∈ H, ‖η‖H = 1, p = η⊗η, x ∈ K(H)
h, and let Tr(xq) = 0
for any one dimensional projection q with qp = 0 . Then there exists f ∈ H such
that x = η ⊗ f + f ⊗ η − (η ⊗ η)(f ⊗ η), ‖f‖H ≤ ‖x‖∞.
Proof. If q is an one dimensional projection with qp = 0 then qxq = αq for some
α ∈ R, and 0 = Tr(xq) = Tr(qxq) = Tr(αq) = α, that is, α = 0 and qxq = 0. Let
e ∈ P(H), dim e(H) = 1, ep = 0, eq = 0, y = (q + e)x(q + e).
If y 6= 0 then there exists r ∈ P(H), dim r(H) = 1 such that r ≤ q + e and
rxr = ryr = βr for some 0 6= β ∈ R. Since rp = 0, it follows that 0 = Tr(xr) =
Tr(rxr) = β 6= 0. Thus y = 0. Continuing this process, we construct a sequence of
finite-dimensional projections gn ↑ (I −p) such that gnxgn = 0 for all n ∈ N, where
I(h) = h, h ∈ H. Consequently, (I − p)x(I − p) = 0.
If f = x(η) then xp = f ⊗ η and px = η ⊗ f . In addition,
(I − p)xp(h) = (I − p)x((h, η)η)) = (h, η)(I − p)f, h ∈ H,
that is, (I − p)xp = (I − p)f ⊗ η. Therefore,
x = px+ (I − p)xp = η ⊗ f + (I − p)f ⊗ η and ‖f‖H ≤ ‖x‖∞.

Proposition 3.4. Let η ∈ H, ‖η‖H = 1, p = η⊗ η. Then there exists f ∈ H such
that
H(η ⊗ η) = η ⊗ f + f ⊗ η, ‖f‖H ≤ ‖H‖.
Proof. If x = H(η ⊗ η), ξ ∈ H, (η, ξ) = 0, q = ξ ⊗ ξ, then by Proposition 3.2 we
obtain that
(x(ξ), ξ) = 〈x, ξ ⊗ ξ〉 = Tr(x · ξ ⊗ ξ) = 0.
Using Proposition 3.3, we have that there exists f ∈ H such that
H(η ⊗ η) = x = η ⊗ f + f ⊗ η − (η ⊗ η)(f ⊗ η).
Since H is a skew-Hermitian operator, it follows that
0 = 〈H(η ⊗ η), η ⊗ η〉 = 〈η ⊗ f + f ⊗ η − (η ⊗ η)(f ⊗ η), η ⊗ η〉 =
= Tr((η ⊗ η)(η ⊗ f + f ⊗ η − (η ⊗ η)(f ⊗ η))) =
= Tr((η ⊗ η)(η ⊗ f)) = ((η ⊗ f)(η), η) = (η, f).
Thus (η, f) = 0 and x = η⊗ f + f ⊗ η− (η⊗ η)(f ⊗ η) = η⊗ f + f ⊗ η. In addition,
‖f‖H ≤ ‖x‖∞ ≤ ‖x‖CE = ‖H(η⊗η)‖CE ≤ ‖H‖·‖η⊗η‖CE = ‖H‖·‖η⊗η‖∞ = ‖H‖.

Proposition 3.5. There exists a ∈ B(H) such that H(x) = ax + xa∗ for every
x ∈ ChE.
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Proof. Let {pi}
∞
i=1 = {ηi ⊗ ηi}
∞
i=1 be a basis in real linear space F(H)
h, where
{ηi}
∞
i=1 is an orthonormal basis of H. For every ηi ∈ H there exists fi ∈ H such
that H(ηi ⊗ ηi) = ηi ⊗ fi + fi ⊗ ηi, and ‖fi‖H ≤ ‖H‖ for all i ∈ N (see Proposition
3.4). Define a linear operator a : H→ H setting a(ηi) = fi. Since ‖fi‖H ≤ ‖H‖ for
all i ∈ N, it follows that a ∈ B(H), in addition, H(pi) = ηi⊗a(ηi)+a(ηi)⊗ηi. Since
ηi⊗ a(ηi) = (ηi⊗ ηi)a
∗ and a(ηi)⊗ ηi = a(ηi⊗ ηi), it follows that H(x) = ax+ xa
∗
for all x ∈ F(H)h.
If (CE , ‖ · ‖CE ) is a separable space then F(H)
h is dense in (ChE , ‖ · ‖CE). Conse-
quently, H(x) = ax+ xa∗ for all x ∈ ChE .
Let now (CE , ‖ · ‖CE ) be a perfect Banach symmetric ideal. Repeating the proof
of Theorem 4.4 [2], we obtain that the skew-Hermitian operator H is a σ(ChE , C
×
E )-
continuous. Since the space F(H)h is σ(ChE , C
×
E )-dense in C
h
E , it follows that H(x) =
ax+ xa∗ for all x ∈ ChE . 
The following Proposition completes the proof of Theorem 1.2.
Proposition 3.6. a = ib for some b ∈ B(H)h.
Proof. If a = a1 + ia2, a1, a2 ∈ B(H)
h, then
H(x) = ax+ xa∗ = a1x+ xa1 + i(a2x− xa2) = S1(x1) + S2(x),
where S1(x) = a1x + xa1, S2(x) = i(a2x − xa2), x ∈ C
h
E. Since H and S2 are
skew-Hermitian, it follows that S1 = H − S2 is also skew-Hermitian.
If p ∈ P(H), dim p(H) = 1, then the lineal functional ϕ(y) = 〈y, p〉 = Tr(yp), y ∈
ChE, is support functional at p. Thus Tr(pa1p + pa1) = Tr(S1(p)p) = 0, that is,
−Tr(pa1) = Tr(pa1p) = Tr(pa1). This means that Tr(pa1) = 0 for all p ∈ P(H)
with dim p(H) = 1. Consequently, Tr(xa1) = 0 for all x ∈ F(H), and by [3, Lemma
2.1] we have a1 = 0. Therefore, a = ia2. 
4. Skew-Hermitian operators in Orlicz, Lorentz, and Marcinkiewicz
ideals of compact operstors
In this section we present applications of Theorem 1.2 to Orlicz, Lorentz and
Marcinkiewicz ideals of compact operators.
1. Let Φ be an Orlicz function, that is, Φ : [0,∞) → [0,∞) is left-continuous,
convex, increasing and such that Φ(0) = 0 and Φ(u) > 0 for some u 6= 0 (see, for
example, [7, Ch. 2, § 2.1], [14, Ch. 4]). Let
lΦ =
{
ξ = {ξn}
∞
n=1 ∈ ℓ∞ :
∞∑
n=1
Φ
(
|ξn|
a
)
<∞ for some a > 0
}
be the corresponding Orlicz sequence space, and let
‖ξ‖Φ = inf
{
a > 0 :
∞∑
n=1
Φ
(
|ξn|
a
)
≤ 1
}
be the Luxemburg norm in lΦ. It is well-known that (lΦ, ‖ · ‖Φ) is a symmetric
sequence space and the norm ‖ · ‖Φ has the Fatou property.
If Φ(u) > 0 for all u 6= 0, then
∞∑
n=1
Φ
(
1
a
)
= ∞ for each a > 0, hence 1 =
{1, 1, ...} /∈ lΦ and lΦ ⊂ c0. Consequently, we can define Orlicz ideal of compact
operators
CΦ = ClΦ , ‖x‖Φ = ‖x‖ClΦ , x ∈ CΦ.
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Now, Theorem 1.2 yield the following.
Theorem 4.1. Let Φ be an Orlicz function such that Φ(u) > 0 for all u 6= 0
and lΦ 6= l2. Let H : C
h
Φ → C
h
Φ be a skew-Hermitian operator. Then there exists
self-adjoint operator a ∈ B(H) such that H(x) = i(xa− ax) for all x ∈ ChΦ.
2. Let ψ be a concave function on [0,∞) with ψ(0) = 0 and ψ(t) > 0 for all
t > 0, and let
Λψ =
{
ξ = {ξn}
∞
n=1 ∈ ℓ∞ : ‖ξ‖ψ =
∞∑
n=1
ξ∗n(ψ(n)− ψ(n− 1)) <∞
}
,
the corresponding Lorentz sequence space. The pair (Λψ, ‖ · ‖ψ) is a symmetric
sequence space and the norm ‖ · ‖ψ has the Fatou property (see, for example, [13,
Ch. II, § 5]). Besides, if ψ(∞) = ∞, then 1 /∈ Λψ and Λψ ⊂ c0. Consequently, we
can define Lorentz ideal of compact operators
Cψ = CΛψ , ‖x‖ψ = ‖x‖CΛψ , x ∈ Cψ.
Therefore, in the case ϕ(∞) =∞, Theorem 1.2 is valid for any Lorentz ideal Cψ of
compact operators.
3. Let ψ be as above, and let
Mψ =
{
ξ = {ξn}
∞
n=1 ∈ ℓ∞ : ‖ξ‖Mψ = sup
n≥1
1
ψ(n)
n∑
k=1
ξ∗k <∞
}
,
the corresponding Marcinkiewicz sequence space. The space (Mψ, ‖ · ‖Mψ) is a
symmetric sequence space and the norm ‖ · ‖Mψ has the Fatou property (see, for
example, [13, Ch. II, § 5]). In addition, 1 /∈ Mψ(N) if and only if lim
t→∞
ψ(t)
t = 0 [13,
Ch. II, § 5]). Consequently, in this case, Mψ ⊂ c0 and we can define Marcinkiewicz
ideal of compact operators
CMψ = CMψ , ‖x‖CMψ = ‖x‖CMψ , x ∈ CMψ .
Therefore, in the case lim
t→∞
ψ(t)
t = 0, Theorem 1.2 is valid for any Marcinkiewicz
ideal CMψ of compact operators.
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